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Random variables

» we have a real-valued random variable z with probability density function (pdf) so that

Prob(z € [a,b]) = /bp(x)dfﬂ ‘ E{X—} E[_Yl L
@ _ (a4

ﬁx(¢)= ez

» the mean or expected value of z is E(z) = / zp(z) dz

» the variance of z is var(z) = E((z — /,t)2) = / (z — pu)’p(z) dz
» mean is linear, so fora,b € R
» E(az +b) =aE(z)+b

» var(az +b) = a? var(z)



Gaussian random variables E ) ___],1_ F (2)d¥

» z is Gaussian if it has probability density function (pdf) given by _ //L

1 _(e=w)?
e 20

[\

» write this as z ~ N (u, o?)
» the mean or expected value of z is E(z) =pu

» the variance of z is E((:c — ,u)z) =0’




Gaussian random variables

pdf for z ~ N(0,1) is
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» p is symmetric about the mean

» decays very fast; but p(z) > 0 for all z



Computing probabilities for Gaussian random variables

» the error function is

erf(z —t? dt
=7 /s

» the Gaussian cumulative distribution function (CDF) is

Fn(a) = Prob(z < a) = 1 + %erf(a Bl

» plot shows u =0 and o =1,
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Computing probabilities for Gaussian random variables

» for z ~ N(0,0%) we have for a > 0

Prob(z € [—a,a]) = erf(

» some particular values:
» Prob(z € [—0o,0]) ~ 0.68
» Prob(z € [—20,20]) /2 0.9545
» Prob(z € [—30,30]) ~ 0.9973
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Continuous random vectors X1 *je s Yo
- x-; { X= 10K 42§

)(,L (NcoOwse—

- Xz A

X & 1
» suppose R™-valued random vector z has probability density function p® : R™ — R. J \7 (0dr =\

Ve
» the mean or expected value of z is aE€ lK

E(z) = /Rn zp®(z) dz
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Covariance X

X=|: — G (x)= cov(x.'/(d)% E((X(—p“)(zg-m)

K” Ny N

: : T
» the covariance of z is AA

h ‘T‘ T =z
cov(z) =E((z—p)(z—p)") = [ (z—p)(z—n)"p°(c)de
CAV— R™
nrl P
» We'll often denote the covariance by ¥ = cov(z)
» X is symmetric and positive semidefinite

» X is the covariance of the 1'th component z;

21 = cov(a:.;)



Affine transformations

» suppose z is an R™-valued random vector
» let y be an affine function of z, given by y = Az + b
» the mean of y is the same affine function of the mean of z

E(y) = AE(z) +b

» the covariance of y is a linear function of the covariance of z

cov(y) = Acov(z)A"

Cov(y)= & <(3— Ey) (8- E3>T>



Affine transformations of random vectors

» for the mean, we have

Ey = E(Az +b)

= / (Az + b)p(z) dz

:b—|—A/ zp(z)dz
Rn

=b+ AEz

» and for the covariance
cov(y) =E((y — Ey)(y — Ey)")
= E(A(:z: —Ez)(z — Ea:)TAT)
= AE((z —Ez)(z —Exz)T) AT
= Acov(z)A”
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Mean-square deviation

» Suppose z is an R™-valued random variable, with mean .
» The mean square deviation from the mean is given by

|a: — ,u|| = trace cov(z)

> because G HoH g (a4 O ﬂ>
| E(lle — ul*) =E((e - w)"(e E[LM—FJ”X_HE(&:.M% + Xw@)

= Etrace((w — )T (z — /.l,)) v

(7—|Z = ... - V\

= Etrace((m —u)(z — u)T) since| trace(AB) = trace(BA)

= trace E((:z: —p)(z — ,u)T) since EAz = AEz
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The mean-variance decomposition VMQ() - E ((X_f") L>

_ 4 =
» the mean square of a random variable z is - E (X) - Z-F EO() < IA
thAh—
E(||z]|*) = trace(cov(z)) + ||E ||’ - ) >
» this holds because =& (jx > V

E(llzl®) = E(lle — p + ul®) \ E(C)= Vor(X) +(EX \

—

E(llz — ull® + 25" (z — ) + ||ull*)

E(llz — ull®) + 24" E(z — p) + [|pl)?

» called the mean-variance decomposition
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Correlation coefficient
L Vi = V@

_Z'_()_ £ “ Y
o Stoudaud = }' Vowriom Ce
> 0 Z J‘b dovicrhon
» let ¥ = cov(z). The correlation coefficient of z; and z; is
oy = _ Gu (%, XJ>
g — T =—/— -
\/ Biidijj
» Since ¥ > 0, we have |p;;| <1
' e~ P wnconelated
» If pi; = 0 then z; and z; are called uncorrelated. W\éﬂa?
<% -
P(ANB)

PlAng) =P ¢ TIKFIE) =55

indap— B(ANE) = P(A) P(8) —p L CAIB) SFEP




Correlation and covariance J\X -

Vour () = © . : e
E() =2 5 e

» the correlation matrix of random vector z is

corr(z) = E(zz") Z
» not to be confused with the correlation coefficient! T)
cov(x) 3 E /(X—,u) (x4)
» If Ez = 0 then corr(z) = cov(z)
. ) T T
» The mean square of z is E(||:E|| ) = trace corr(z) = E <)( X )7 }*}’k

» The correlation-covariance decomposition is

corr(z) = cov(z) + (Ez)(Ez")

£ H vor(n) )+

» same approach as the mean-variance formula
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Gaussian random vectors p (1)=

» the R™-valued random variable z is called Gaussian if it has pdf

W E Ble) = - exp (—%(m — W) (e -

£ (2m)F (detz)3

» write this as  ~ N (p,2), here Z =27 and £ > 0
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Gaussian random vectors

» suppose ¢ ~ N (u,2). Then the mean of z is

» and the covariance of z is
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uecu 1rdiuulil vdiiduwic « 1> LdICu Jadusd>idii 11 1L 11d> |JU|
1 _
o ’2% = e ¢ xp(—i(z — )T (e —u))
(2m)% (detz)3

asz~N(u %), herex =T and T >0

Ellipsoids

» the Gaussian pdf is constant on the surface of the ellipsoids

Sa:{a:ERn ‘ (z—p)'s e —pu

B center is at w, semiaxis lengths are \/aX;(2).

» example has

=01

contours at p(z) = 0.01,0.02, ...
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Gamma function

» the gamma function is

I'(z) = / t* et dt forz >0
0
» forz >0
Nz +1) = zI'(z)
» I'(1) = 1, so for integer z > 1

INz) = (z — 1)!
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The x? distribution

» the x2 probability density function is

1 n_4 _z
2(2) = ——=z2 "e 2
P (2) 25T(n/2)

» A family of pdfs, one for each n > 0

» If z~x2 thenEz=n

P,z (2)
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Gaussian random vectors and confidence ellipsoids

» supposez is Gaussian, i.e., z ~ N (g, Z), where u € R™ and & € R™*™. Define the random variable
z=(z-p)"s 7 (z-u)
which is a measure of the distance of z from u
» z has a x2 distribution
» Hence prob. that z lies in the ellipsoid So = {:c € R" | (z— )T z—p) < a}

Prob(z € S4) = F,z2 (a)

fa=mn

N[

» for example F, 2 (a) =
09 ifa=n+2y/n 90% confidence ellipsoid
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Confidence ellipsoids

The plot shows the confidence ellipsoids and 200 sample points.
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Marginal probability density functions

» suppose z is an RV with pdf p* : R™ - R, and z = {zl } , where z; € R".
2

» define the marginal pdf of z1 to be the function p*! such that

Prob(z, € W) = / p°t(z)dz forall W C R"
w

» we also know that

Prob(z, € W) = / / p“(z1,z2) dzo dzy
w JzoeRn—T

» since these are equal, we have

P (a1) = / P (21, 22) dos
zo ERP—T
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The marginal pdf of a Gaussian

» suppose ¢ ~ N (u,2), and

» let's look at the component z;
» Since z1 = [I 0] z, we have the mean

Ea:lz[I 0],[1,2/.1,1

and also the covariance

I
cov(zyi) = [I 0]2[0] = Y11

» In fact, the random variable z1 is Gaussian; this is not obvious

H1
K2
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Xy %z ~ (oY X~ N(o/)

e 3+, —I
)~ mpsy G et
Y= <X
X(/XZ jid —&ZF;[Z . :;z ){YN /\/(O/O
/\
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Proof: the marginal pdf of a Gaussian

» assume for convenience that Ez = 0. The marginal pdf of z; is

T
z 1]z 1| Z1
Hzy) = ciexp| —= by dz
7= [ aem(3 [1] =72 e
» we have, by the completion of squares formula
-1 —1 —1
o1 Moo 0 I 0 (B22 — 22121_11212)_1 —22121_11

» and so, setting S = Xz — L1 B35 Bz

T
lml ] Z_l |::Z:1 ] = iETEl_ll.’Bl + (:Z:z — 22121_11$1)TS_1($2 - 22121_11131)
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Proof: the marginal pdf of a Gaussian

» hence we have

. 1 e 1 _ _ _
p°H(z1) = c1exp <—§$T2111$1> / exp(—§($2 — B ) S (ze — 2212}111:1:1)) dzs

z2
. 1 r1
= c2€Xp| =51 i T

» now cy is determined, because /p°21 (z)dz = 1, so we don't need to calculate it explicitly.

» therefore, if £ ~ N(0,X) the marginal pdf of z1 is Gaussian, and

Tl N(O,Ell)
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Example: marginal pdf for Gaussians

2 0.8

08 1 and z ~ N(0,%). A simulation of 1000 points is below

» Suppose & =

» all blue and orange points (908) are within 90% confidence ellipsoid for z

» all blue and red points (899) are within 90% confidence interval for 1
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Degenerate Gaussian random vectors ‘F(z) o~/ gx(b <.__£ (x -/C() z—(lx—)u}

» it's convenient to allow 3 singular, but still & = X7 and © > 0 T
this means that in some directions, z is not random at all M / Saw : /A\;QAQ

» obviously density formula does not hold; instead write

21 0 T
Z:[Ql Qz}[ol 0] [Ql Qz]
-
where Q = [Ql Q2j| is orthogonal, and 1 > 0 Q[.x = [Ql QZ] x
columns of Q1 are orthonormal basis for range(X) Q\T
columns of Q2 are orthonormal basis for null(XZ) = T _j X
Q-

zZ
» let [w] = QTz; then - Q\TX 5’

>z~ N(QT;A, Y1) is non-degenerate Gaussian @. W
> w= Qg,u is not random
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Changes of variables for random vectors

» suppose f : R™ — R is continuous, and h : R™ — R" satisfies

» h is one-to-one and onto; i.e., h is invertible

» Both h and A1 are differentiable, with continuous derivative

» the derivative of h at z is Dh(z), the Jacobian matrix

(Dh(z),, = 3

(@)

» then for any A C R"™

X — X

\ E(x) > 0O

Blx)=° vour(£) =7

fuwmsz@w»wamewy
h(A) A
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Changes of variables for random vectors

» suppose z is an R™-valued random vector, and y = g(z), where g is invertible, and g and g~ are

continuously differentiable. Then

P* (97 (v))
|det(Dg) (g7(v)) |

p’(y) =

p» this holds because

Prob(y € 4) = / P*(y) dy

= / p(z)dz
_1(A)

/ 9 () 4
|det(D9 9 (v)|

where D(g~")(y) = ((Da) (97(@) )
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Example: linear transformations

» consider y = Az + b, where A € R™*"™ is invertible. Then

p" (A7 (y - b))

Y _
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|
Linear transformations of Gaussians X I_L[ 7Z=K +Y
\

» fundamental result: a linear function of a Gaussian random vector is a Gaussian random vector
» suppose z ~ N (fz,z), A € R™*™ and b € R™. Consider the linear function of

y=Az+b

» we already know how means and covariances transform; we have

E(y) = AEz +b cov(y) = Acov(z)AT

» additional fact is that y is Gaussian
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Linear transformations of Gaussians

» to show this, first suppose A € R™*™ is invertible. Let py = Ape +b and T, = AT AT,

» we know

(z) = 1 ex ! z— )Tz -
p(z) = (2m)% (det )3 p( 5 (@ —p) e ( u))
» so
v\ P(AT (y D)
1

1 T —1I\T—1 4—1
= — exp| —=(y—b— Auz) (A Y, A y—b—Aa;>
det A|(27) % (detZ,)3 ( 5 He) (47 ( te)

" (em)? (;etE 3 P (‘3@ RN m)
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Non-invertible linear transformations of Gaussians

» suppose A € R™*" and y = Az where z ~ N(0,Z;). The SVD of A is

. T _ Y1 0 174
A=UuzvT=[U, Uz]{o OHVzT

» so we decompose the map into

y:U'LU {wl}:ﬁz |:21:|:VT$

Wso z2
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Non-invertible linear transformations of Gaussians

» since V is invertible, we know z ~ N(0, Z;), where

VT
5, = lV:T]Em[Vl vz |

» we know z is Gaussian, hence the marginal z; is Gaussian
z1 ~ N(0, V¥ 2, 11)

» also wo = 0, and since X1 is invertible, wi is Gaussian

w1 ~ N (0, 21V 2, Vi %h)

» since w = Uy, we have y is a degenerate Gaussian random vector where

> wi; = Uify are the components of y that are Gaussian

» ws = 0 are the components of y that are not random
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Full-rank case

» when range(A) = R™, i.e., A is full row rank, we have
y ~ N (0, A% AT)

» because the SVD of A is

A=U[Z1 0] {Vq

175
» then y = Uws, and since U is invertible, we have

y~NO,UD VI Vis UT)
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Example: simulating Gaussian random vectors

» in many languages its easy to generate z ~ N (0, I)

» to generate y ~ N (u, X), we can use
y=%%z 4

» extremely useful for simulation
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Example: Gaussian random force on mass

» z is the sequence of applied forces, so f(t) = z; for t in the interval [7 — 1, 7].
» y1, Y2 are final position and velocity

95 85 75 65 bHb5 45 35 25 15 05

>y=Aswhered=1|"" 0 0 4 1 1 1 1 1 1

» suppose the forces are Gaussian, and the vector z ~ N (0, Z), where

2 1
1 2 1
1 2 1
1 2 1
1 2 1
3=
1 2 1
1 2 1
— f
1 1
12 1 7 7
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Example: Gaussian random force on mass

» the covariance of y is
oy, = ADAT

» the 90% confidence ellipsoid is

{ver |y"5ly <FZl09) |

20 x
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X x
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x x
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% X x X ARXY )gxx J
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2 R R %
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-5y , " %%x%(xx X
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Components of a Gaussian random vector

» suppose z ~ N (0,X), and let ¢ € R™ be a unit vector
p lety=c"z

» y is the component of z in the direction ¢

» y is Gaussian, with Ey = 0 and cov(y) = cTZc

» So E(y?) =cTxc

» The unit vector ¢ that minimizes ¢ Zc¢ is the eigenvector of & with the smallest eigenvalue. Then

E(¥*) = Amin
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