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The problem

We are given a cloud of data points , with large.

We want to summarize each point with just a few numbers, throwing away as little as possible:

is there a single direction along which the data mostly lives?

a low-dimensional subspace the data stays close to?

These turn out to be the same question, and its answer is an eigenvalue problem.
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First step: center the data

PCA is about variation about the center, so we

subtract the mean

From now on the are centered, and we collect

them as the rows of the data matrix
T

.

.

.
T

3

How spread out is the data along a direction?

Fix a unit direction ( ). The coordinate of point along is
T

, and the spread of these

coordinates is their variance

T

goal: find the direction along which the projected data is most spread out (it retains the most information).

We fix because only the direction matters: scaling just rescales the coordinate.
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The spread is a quadratic form

T T T T T

T T
(the covariance matrix)

T
and (it is

T
)

is the variance of coordinate ; its covariance with coordinate

So “find the most spread-out direction” becomes:

maximize
T

subject to
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We have already solved this problem

Recall (symmetric matrices lecture)

For symmetric
T

with eigenvalues and orthonormal eigenvectors ,

T T T

with equality
T

at (and at ).

So over all unit vectors, the maximum spread is , achieved along :
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The first principal component

The direction of maximum spread is the top eigenvector

of the covariance:

first principal component

The next component is the most spread-out direction

orthogonal to : that is , with variance ; and so

on.

The principal components are the orthonor-

mal eigenvectors of , with variances .

Total variance : the eigenvalues split the total spread among orthogonal directions.
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A second, di!erent-looking goal

Instead of most spread, ask for the line (through the origin) the data is closest to: minimize the total squared

perpendicular distance

min T

T
is the projection of onto the line; the leftover

T
is the perpendicular residual.
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The two goals are the same

The projection and the residual are orthogonal, so by Pythagoras

T

captured

T

residual

Summing over ,

fixed total,

T

T

residual

The total is fixed, so maximizing captured variance minimizing residual

So the max-variance direction is also the closest line: one answer, two questions.
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The best-fit -dimensional subspace

The same argument in directions at once: the -dimensional subspace the data is closest to is spanned by

the top principal components (maximizing captured variance
T

over orthonormal

gives the top eigenvectors).

Each point gets reduced coordinates

T

.

.

.
T

T

and is reconstructed as (the best rank- description).

The leftover (lost) variance is exactly .

(The data has at most min nonzero components, so PCA is meaningful only with many points: a

single point is described exactly by one component.)
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PCA is the SVD of the centered data

Recall (SVD lecture)

If
T

then
T T

, so the eigenvectors of
T

are the right singular vectors , with

eigenvalues .

Since
T

, this says

(principal components)

to do PCA, take the SVD of the centered data matrix

the reduced coordinates are the columns of
T

(that is, up to scaling)

Recall (SVD lecture: low-rank approximation)

Keeping the top components is exactly the best rank- approximation
T

of the data

matrix (Eckart–Young). So PCA is low-rank approximation, applied to the centered data matrix .
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The covariance ellipsoid: the idea

To judge how far a point is from the center, count standard deviations, not raw distance: a point is unusual

only relative to how much the data varies in that direction.

The covariance ellipsoids are the shells of points equally many

standard deviations from the center (nested ellipsoids are the

cloud’s contour lines).

and lie on the same shell: both standard deviations
out. Yet is physically far (a wide direction) and near (a

narrow one): the same “surprise” reaches farther where the

cloud is spread out.
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How many standard deviations? (why )

Along a principal direction the data has standard deviation , so a point is standard deviations

out.

For a general , whiten the cloud: with
T
, set . Its sample covariance is

T T

so in every direction has unit standard deviation. The number of standard deviations of is then the ordinary

length
T T

The inverse appears because whitening divides by the variances; the ellipsoids
T

are exactly

“within standard deviations.”
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The covariance ellipsoid: geometry

Recall (ellipsoids lecture)

T
has semi-axes , from the eigen-

pairs of .

Here : same eigenvectors as , eigenvalues

. So the semi-axes are , longest along the
large-variance directions.

The ellipsoid lines up with the cloud, and PCA finds its
axes.
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How many components to keep?

Keep the top components; the fraction of vari-

ance retained is

Plot the eigenvalues (the scree plot) and look

for the elbow: a few components often capture

almost all the variance.

(Here: the handwritten-digit data of the next

slide.)
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Example: handwritten digits

We have a dataset of handwritten digits, each an image (a point in ). PCA of the whole

collection gives a mean and eigenvectors (“eigen-digits”) that are themselves images:

Reconstructing one digit from its top- coordinates in this shared basis, :

A handful of the components already give a recognizable digit.
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Example: digits in two dimensions

Project all digits from onto their first

two principal components
T

.

Two numbers per image (down from ), yet the

digits already separate into clusters.

This is the workhorse use of PCA: visualization
and compression of high-dimensional data.
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A larger example: eigenfaces

A dataset of face images, each (a point in ). PCA gives a mean face and eigenvectors

(“eigenfaces”):

Reconstructing one face from its top- coordinates in the shared basis:

About of the components already give a recognizable face.
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Summary

PCA is one object seen from several sides:

the directions of maximum variance of the data

the best-fit subspace (minimum perpendicular distance)

the eigenvectors of the covariance , with variances the eigenvalues

the right singular vectors of the centered data (PCA SVD of )

the axes of the covariance ellipsoid

Center the data, take the SVD; the top singular vectors are what matters.
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