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Matrix norm

» norm of a matrix



Gain of a matrix in a direction LA = mmx“ I\ A')\\n
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suppose A € R™*™ (not necessarily square or symmetric)

for z € R™, ||Az||/||z|| gives the amplification factor or gain of A in the direction

obviously, gain varies with direction of input z
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(and corresponding maximum gain direction)? - max lﬂ;ﬂ(‘n‘u = A\
» what is minimum gain of A -
(and corresponding minimum gain direction)? l_p i LA \ 0 5 Ag=v—s g emll ()
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» also called the operator norm, spectral norm or induced norm

» gives the maximum gain or amplification of A



Matrix norm

1Al = v/ Amax(AT A)

» because , Lo
|Az||® z A Az T
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» similarly the minimum gain is given by

min | Az/|lal] = / Anin (AT A) Ak Z 0

Ain (AA) =0 = AA not full rnk =D aennli(A'A)
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Input directions

note that

» ATA € R™™ is symmetric and ATA > 0 50 Amin, Amax > 0

» ‘max gain’ input direction is z = q1, eigenvector of AT A associated with Amax

=

» ‘min gain’ input direction is ¢ = g, eigenvector of AT A associated with Amin
——



Example
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then [|A|| = v/ Amax(ATA) = 9.53:
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min gain is \/Amin(ATA) = 0.514:
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for all z # 0, we have
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0.514 < ||Az||/||z|] < 9.53
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Properties of the matrix norm I cAall
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satisfies the usual properties of a norm: = man
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Properties of the matrix norm
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» consistent with vector norm: matrix norm of a € R™*! is \/Amax(aTa) =+VaTa
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Frobenius norm

» called the Frobenius norm
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