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Symmetric matrices and quadratic forms

» eigenvectors of symmetric matrices
» quadratic forms
» inequalities for quadratic forms

» positive semidefinite matrices
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Eigenvalues of symmetric matrices
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to see this, suppose Av = Av, v 20, v € C", then

T AvET (Av) =AT'v = }\Z|v,;|2
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sowe have A=)\, i.e., AER (hence, can assume v € R™)

but also
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Eigenvectors of symmetric matrices ('11 %] . \o. [ .
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U € lKh 20 there is a set of n orthonormal eigenvectors of A

Tq.: = °
» ie,qi,...,qn St Aqi:)‘iqilq;rquéiji 4 q& - onTQ‘-'—QQT:T—

» in matrix form: there is an orthogonal @ s.t. -\ Q‘T

Q'AQ=Q AQ=A

E————

» hence we can express A as Ul d"bﬁow&"]q bl matncag

A:QAQT:Z}'\iqin o .
- = PYU(JPC’('IOV\ X

» in particular, g; are both left and right eigenvectors



Interpretations

o
A = QAQ" corresponds to Q (Q rl>

Q" A

=2
linear mapping y = Az can be decomposed as )(

» resolve into g; coordinates

» scale coordinates by A;

» reconstitute with basis ¢;
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Geometrical interpretation

multiplication by A is the same as

» rotate by QT
» diagonal real scale (‘dilation’) by A

» rotate back by @

decomposition
n
-
A= Z Aigig;
7=1

expresses A as linear combination of 1-dimensional projections
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% . eigenvectors corresponding to distinct eigenvalues are orthogonal

/
» since \; distinct, have v1,...,vn, a set of linearly independent eigenvectors of A
T
N VY s 1=
4 ¢ Av; = A\, [|lvil| =1 Nxn i
» then @, (Avj) = Xwv; = (Avy) v; =] v; S - disHinct

S~ Veluay, -
» and ()xq_' — )\j)’v.?-’Uj =0 eg

» fori# 7, A # X;, hence v]v; =0
» in this case we can say: eigenvectors are orthogonal

» in general case (A; not distinct) we must say: eigenvectors can be chosen to be orthogonal
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Quadratic forms gw%ahom e):e aXx T B
: A A
v = — o
a quadratic form is a function f : R™ — R of the form A Zi ‘A s\a,m g
T
Ul = As
(743) = "TA’\ Pogm = 17
T
T = —a"A u
AThx = - Ax T A—A
~— AC = AfA A_ =
,)C A'T':"A _—Lﬁn s hxn 'Vl):-lT m > / a.}am 2
T =z
» in a quadratic form we may as well assume A = AT since z Ax = &K As‘d"" A+ X Aasym
2 A=z (A+A")/2)z \L%
((A+ AT)/2 is called the symmetric part of A) 2TAx = 1TAS-1" ~ °

» uniqueness: if ' Az = z' Bz forallz € R” and A= A", B=B', then A=B
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» ||Bz||> =2"B"Bz = )
1 A D 2 (2s-2Y & (A= A1)
> > (i —z)? = 2 Ax = (7‘-{—"‘7‘3> + (43
2
2
> [|Fz|? —||Gz||? = 2@ B * A —2AzAg + 43 2
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sets defined by quadratic forms: be. mflﬂetz:t’f'écf 28  Soma [”:7(“ —l Gxll

» {z| f(z) =a } is called a quadratic surface

» {z| f(z) <a } is called a quadratic region
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Inequalities for quadratic forms

suppose A = AT, A = QAQ" with eigenvalues sorted so A\; > --- > X, then

2
g’ Az < z'z = )\ Il

because

' Az = a:TQAQT:z:
=(Q'2) AMQ'2) ,
n T
= Z Ai(qfa:)z >\\ quT 7('\2 + ot X" (c(“ %\
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Inequalities

2 so have

» similar argument shows z' Az > A\,||z|

DN Mz z <z Az < Mz'z — )\
/\ﬁ" K/n ~ >~ A1

1
» sometimes i is called Amax, Ar is called Amin >swt°"’

» note also that
a1 Ag = Mllal®, anAgn = Anllgnll?,

so the inequalities are tight
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Positive semidefinite and positive definite matrices < =€

T - LY
suppose A = AT € R™*™ é, /4'6(, = Au, >/ o

we say A is positive semidefinite if " Az > 0 for all z

2
ﬁ(a): al +bx+C
» this is written A > 0 (and sometimes A > 0) D

» A >0 if and only if Amin(A) > 0, i.e., all eigenvalues are nonnegative \/ /\

» not the same as A;; > 0 for all ¢, 7

N\
p—

we say A is positive definite if £7 Az> 0 for all z # 0

T
Pz 2P +4 = +1
» denoted A >0

» A > 0if and only if Amin(A) > 0, i.e., all eigenvalues are positive
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Matrix inequalities

@. VCTAfl é o

» we say A is negative semidefinite if —A > 0
. ~x #+=0
» we say A is negative definite it —A >0 <= ‘J(TA % Lo (x# >

» otherwise, we say A is indefinite

matrix inequality: if A and B are both symmetric, we use A < B to mean B — A > 0.

» many variations, for example A > B means A— B > 0,

» A> B meansz' Az > z' Bz forall z #0
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Matrix inequalities

many properties that you'd guess hold actually do, e.g.,

4

ADB & ATAA 2 A (B

C2D 4= "

if A>Band C > D, then A+ C > B+ D
if B<Othen A+ B< A

if A>0and a > 0, then aA >0

2 T 4T -
A >0 ko =2 AAT=

AA+ Q) > 2" (BD)=

(AT (Ax) = IAal 2o

-1
lk >o
if A>0,thenA™t>0 — ADo —» )\,,--'/ )\m)o—ol/)“/“-///h? '—PA >0

matrix inequality is only a partial order. we can have

A¥B, B}A

(such matrices are called incomparable)

A-B  indefimte
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