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Instructions

This is a closed-book, closed-notes exam. You may use two double-sided sheets of notes.
No calculators, phones, or other electronic devices are allowed.

You have 150 minutes. The exam has 5 problems worth 100 points in total, followed by
a sixth problem that is entirely extra credit. The point value of each problem and of
each part is stated. Budget your time for problems 1 through 5 and turn to problem 6
only if you have time left.

There are 10 extra-credit points in all: 2 at the end of problem 2, part (d), and the 8
of problem 6. Anything you earn there is added to your score on the 100 points above,
and skipping them costs you nothing.

Problem 1 is a set of multiple-choice items and needs no explanation. Problems 2
through 6 ask you to derive, compute, and explain. For those problems, an answer with
no reasoning receives little credit, and a clearly reasoned answer with a small arithmetic
slip receives most of the credit.

Write your answers on the separate answer sheet, not in this booklet. Anything written
in this booklet will not be graded. The answer sheet has a page for each part, with room
sized for the answer we have in mind. If a part runs over, use the extra pages at the end
of the answer sheet and write continued on page ... in that part’s space.

Wherever we ask for a specific answer, such as a number, a matrix, a line, or a formula
in terms of a parameter, the answer sheet gives you a box for it, labelled with what
belongs in it. Put that answer in the box and keep the reasoning in the space around it.

Every part of every problem has a short solution, and every number is chosen so that
the arithmetic can be done by hand. If you find yourself in a calculation that looks
prohibitively long, or that seems to need a calculator, there is a better way, and you are
missing the structure that makes the part easy.

Keep your answers short. We will deduct points from answers that are technically correct
but far more complicated than they need to be.

We have made every effort to state the problems clearly. If you believe a problem is un-
clear or ambiguous, you may make a reasonable assumption that resolves the ambiguity
and solve the problem under that assumption. State your assumption. If your interpre-
tation is reasonable, it may receive credit even if it differs from the one we intended.

Good luck!



1. Multiple choice (20 points). For each item, write the item number and the letter of your
answer in your blue book. Each item has exactly one correct answer. No explanation is
required, and none will be read. (2 points each)

1. Let w1, -+ ,uq4 € R™ be unit-norm pairwise orthogonal vectors, and define A = [ul uQ],
B = [u;:, U4]. Which of the following statements is correct about the matrix ABT?

(a) It has exactly two non-zero eigenvalues

(b) It can have up to two non-zero eigenvalues

(c) All its eigenvalues are zero, but the matrix itself isn’t necessarily the zero
matrix

(d) It is possible for it to have no non-zero eigenvalues, in which case it will be the zero
matrix

Solution. (c¢). ABT = ulug— +wuguy) , and squaring it gives zero: every term carries an inner
product of two distinct u;. A nilpotent matrix has all its eigenvalues equal to zero. It is
not the zero matrix, though, since ABTuz = u; # 0, so it has rank 2.

2. Let X € R" be a vector of random variables with the covariance matrix ¥ € R*»*". If
rank(X) = n — 2, which of the following statements is the most accurate about these
random variables?

(a) Out of the n random variables, 2 of them have zero variances

(b) X, and X,,_; are deterministic linear combinations of Xi, -+, X,_o

(c) Some i, exist, such that if we remove X;, X; from X, no information will
be lost

(d) With probability one, X lies in an affine subspace of R™ of dimension 2

Solution. (c). If Yw = 0 then var(w'X) = w'Xw = 0, so w' X equals its mean with
probability one. Here null(X) is two-dimensional; collect a basis in W € R"*2 which has
rank 2 and therefore two independent rows 7, 5. Splitting WT(X —E X) = 0 on those two
coordinates and inverting the resulting 2 x 2 block writes X; and X; as affine functions of
the other n— 2 variables, so dropping them loses nothing. (a) fails because a rank deficiency
says nothing about individual variances. (b) names the wrong pair: the number of relations
is fixed, which variables are redundant is not. (d) has the dimension the wrong way round,
the realizations fill an affine subspace of dimension n — 2.

3. Let A € R™ ", and suppose A = PXP~! for some invertible P and some diagonal X.
Which of the following is true?



Solution. (d). For (a), the spectral theorem says a symmetric A can be diagonalized by
an orthogonal matrix, not that every P that diagonalizes it is one: rescaling a column
of P leaves PYP~! unchanged and destroys orthonormality. With A = diag(1,2) and
P = diag(1,5) we have A = PYP~! and P~! # PT.

For (b), take A = P = I: orthogonal, with every eigenvalue equal to 1. For (c), distinct

1
eigenvalues buy independent eigenvectors, not orthogonal ones. The matrix A = [0 ;}

has eigenvalues 1 and 2 with eigenvectors [1 0| and [1 1|, which are not orthogo-
nal. Orthogonality of the eigenvectors comes from symmetry, and P~! = PT needs them
normalized as well.

/' /'

. Let A e R™™ B e RP*™ ;> 0,and C = ATA+ BTB + pl. Which of the following
statements is correct about the matrix C7

(a) Amax(C) = max (07,0, (A), 0hmax(B)) + 1
(b) Amax(C) < max (074 (A), 0hax(B)) + 1
(C) Amax(C) = U?nax(A) + ar2nax(B) tu
(d) Amax(C) < 03x(A) + 0 (B) + 1

Solution. (d). C is symmetric, so for ||z|| = 1, 27 Cx = || Az||*+|| Bz |?>+u, and maximizing
over T gives

Amax(C) = lﬁgﬁ(”z‘lﬂf’\Q +|Bx|?) + 1 < 0pax(A) + 0o (B) + 1,
since each term is maximized separately by the bound. The inequality is strict unless A
and B have a common maximizing direction, which rules out the equality in (c). Both (a)
and (b) fail already for A = B = I, where Apax(C) = 2 + p while the right-hand side is
1+ p.

. A unit mass sits at rest on a frictionless surface. A force is applied to it over ten unit-time
intervals and held constant on each one, with value x; for : — 1 <t <. If y; and yo are
the position and the velocity at ¢t = 10, then y = Az with A € R?*19, where y; = > T
and y1 =), (% — z) z;. To move the mass a unit distance and leave it at rest, we solved

minimize ||z|| subject to Az = [(1)] )

and the solution came out as x = [wo 0 --- 0 —xg ]T: one push in the first interval,
an equal pull in the last, and nothing in between. Which norm was minimized?

[E41P9



Solution. (a). Put the whole force on two intervals i < j, with 2; = a and z; = —a:
the velocity constraint holds automatically, the position constraint reads a(j — i) = 1, and
l|z|l1 = 2a = 2/(j —1), which is smallest for the pair furthest apart, ¢ = 1 and j = 10, giving
zo = 1/9. Spreading the force over more intervals only costs more. That is the signature
of the /1 norm on an affine set: the solution sits at an extreme point and is sparse.

Every other choice spreads the force out instead. The least fo solution z = AT(AAT) "1y
is linear in 4, a staircase with every entry nonzero, and the least £, solution uses the same
magnitude in all ten intervals, +0.04 for the first five and —0.04 for the last five. No finite
p > 1 can produce this shape: optimality makes each x; a signed power of the ith entry of
AT\, and those entries are affine in i, so at most one of them vanishes. Sparsity needs the
kink at zero that only p = 1 has.

. For an analytic function f(a) = By + f1a + f2a® + --- and a square matrix A, the matrix
f(A) is defined by the same series, f(A) = Bol + B1 A + B2A? + ---. Take

a? a*  dS

cosa:1—§+ﬂ—a+---,
and let A € R3*3 be symmetric with eigenvalues 7/3, 2/3 and 7. Which of the following
is true of cos A7
(a) It is positive semidefinite
(b) It is negative semidefinite
(c) It is indefinite
(d) It cannot be determined from the given information

Solution. (c). Write A = TAT™'. Every term of the series is TA*T~1 so cos A =
T diag(cos A1, cos Ag,cos A\3)T~1: the eigenvectors are untouched and each eigenvalue is
passed through f. Here the eigenvalues of cos A are cos(w/3) = 1/2, cos(27/3) = —1/2 and
cosm = —1. They come with both signs, so cos A is indefinite, and the eigenvalues are all
we need, which rules out (d).

Note that A itself is positive definite, since its eigenvalues are positive, and that the largest
eigenvalue of cos A is 1/2, attained at the smallest eigenvalue of A: applying f preserves
the ordering of the eigenvalues, or the sign of the matrix, only when f is monotone or of
one sign on the spectrum, and cos is neither here.

1 1/2
1/2 1
2T Az = 1, and the dashed curve is the set of x € R? with 2T A7z = 1. The tick marks

. Let A = [ } In each figure below the solid curve is the set of x € R? with



are at +£1. Which figure is correct?

Solution. (b). Write

1 ]1 1 1

el sl
A is symmetric, with eigenvalue 3/2 along vy and 1/2 along v_, so A~! has eigenvalues
2/3 and 2 along those same two directions. For a symmetric positive definite M, the set
{z | 2" Mz < 1} has semi-axes 1/1/\;(M) along the eigenvectors of M: it is short where
the form is large. So the solid ellipse is long along v_, where A is small, with semi-axes
V2 ~ 1.41 there and \/2/73 ~ 0.82 along v4. Inverting turns the small eigenvalue into the
large one, so the dashed ellipse is long along vi: semi-axes y/3/2 &~ 1.22 along v4 and
1/v/2 =~ 0.71 along v_.

Every panel gets the perpendicularity right, since the two matrices share their eigenvectors,
so you have to look at the lengths. Orientation rules out (a) and (c), where the solid curve
is long along vy. That leaves (b) and (d), which differ only in the size of the dashed curve:
in (d) it sits inside the solid one, which would say 2T Az < 1 whenever 2T A=z < 1, that
is A=! = A, impossible here because A has an eigenvalue larger than 1. In (b) the dashed
curve pokes out along vy, where 1.22 > 0.82, and the two cross.

The sizes are not a coincidence: in two dimensions the second ellipse is always the first
turned by 90° and scaled by v det A, which here is \/3/4 ~ 0.87, not the 0.58 used in (a)
and (d).

. Let A € R0 with rank(A) = 7, and consider
minimize |4 — X]|| subject to rank(X) = k,

over X € R0X10 where the constraint asks for rank exactly k, not at most k. Let B be a
solution for k£ = 6 and C' a solution for £ = 8. Which of the following is true?

(a) Both B and C exist

(b) B exists, and C' does not exist

(¢) B exists, and C' may or may not exist, depending on A
)

(d) Each of B and C' may or may not exist, depending on A

Solution. (b). Write A = 3>, oyuw] with o1 > - > o7 > 0.



For k = 6 the best rank 6 or less approximation is the truncated SVD A= Z?:1 aiuwiT ,
at distance o7. Since gg > 0, its rank is exactly 6, so it meets the equality constraint as
well, and B = A (the only other candidates have rank below 6 and are further away). The

equality costs nothing here: the best approximation uses all the rank it is allowed.

For k = 8 there is nothing to attain. Any X of rank 8 has X # A, so |4 — X|| > 0, yet
you can get arbitrarily close: since rank(A) = 7 < 10, pick unit vectors u | range(A) and
v L range(AT) and set X, = A + euv'. Then Av = 0, so range(X,) is range(A) together
with u, giving rank exactly 8, and ||A — X.|| = e. The infimum is 0 and no rank 8 matrix
achieves it, so there is no minimizer.

The set of matrices of rank at most k is closed, while the set of rank ezactly k is not, and A
is a limit point of the second set that lies outside it. Nothing changes if ||-|| is the Frobenius
norm.

. A centered data set of N = 105 points in R'9% is reduced to 20 dimensions in two ways.

e One shot: keep the top 20 principal components of the data.

e Two stage: keep the top 500 principal components, then run PCA again on the re-
sulting 500-dimensional data and keep its top 20 principal components.

How much variance do the two pipelines capture?

(a) The two-stage pipeline captures less, because the first stage discards directions that
the second one can no longer use

(b) Both capture exactly the same variance
(c) Both capture the same variance only if the data has rank at most 500
(d) The two-stage pipeline captures more: dropping the weakest directions first clears

away clutter, and the second PCA then works in the 500-dimensional space, where it
can pick up structure in the data that was not visible in the original one

Solution. (b). Let q1,...,qi0000 be the principal components of the data, with variances
A1 > A9 > ---. The first stage replaces each point by its coordinates z; = (qlTxi, . ,qgooxi),
and the covariance of the z; is Q:r,rOQSQSOO = diag(A1,...,A500): already diagonal, and
already sorted. So the principal components of the reduced data are the coordinate vectors
e1,-..,e500, and keeping its top 20 keeps exactly qi,...,qoo, which is what the one-shot
pipeline does. Both capture Ay + - -+ + Agg.

The short version: principal subspaces are nested, so the top 20 directions already sit inside
the top 500, and a first stage with a larger budget cannot discard anything the second stage
wanted.

Beating the one shot, as (d) claims, is impossible for a simpler reason: the one shot max-
imizes captured variance over every 20-dimensional subspace, and whatever the two-stage
pipeline returns is one of those subspaces. The second PCA also gets no new view of the
data. Passing to the coordinates z; preserves lengths and inner products inside the top 500
subspace, so the second PCA is the same eigenvalue problem restricted to that subspace: it
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re-sorts directions that were already there instead of finding new ones. Running something
nonlinear after PCA is a different story, but PCA after PCA is just PCA.

None of this is a fact about dimension reduction in general, only about PCA with room to
spare. Keep 500 other directions in the first stage, or whiten the 500 coordinates so that
every variance becomes 1 and the ordering is destroyed, and the second PCA no longer
reproduces the one-shot answer.

Let G be an undirected graph on n > 4 nodes with positive edge weights, let L = D — W
be its Laplacian, and let 0 = Ay < A9 < --- < A, be the eigenvalues of L. Which of the
following statements about Ay is correct?

) Adding an edge to G cannot decrease )\
) A2 = 0 if and only if some node of G has degree zero
(¢) A2 > min, d;, where d; is the weighted degree of node i
) Multiplying every edge weight by 2 leaves Ay unchanged

Solution. (a). Since L1 = 0, the second smallest eigenvalue is

1
A2 = min { x' Lz ‘ 172 =0, ||z = 1} with 2! Lz = 3 ZWU(:Q — )%,
1,J

which is the problem the scalar spectral embedding solves. Putting a new edge of weight
w > 0 between nodes k and [ adds w(xy, — x;)® > 0 to the objective for every x, so the
minimum can only go up. It need not go up: if G has two components then Ay = 0, and
an edge added inside one of them leaves Ao = 0, which is why the statement says cannot
decrease rather than must increase.

(b) confuses two things. Ay = 0 exactly when G is disconnected, and the multiplicity of the
eigenvalue 0 counts the components. Two disjoint edges have no node of degree zero and
still have Ay = 0.

(c) runs the wrong way. The bound is A <

n—1
and test = e, — L1, which is centered, has 2" Lz = d, and [|z][> = 1 — 1. One weakly
attached node caps A2 however well connected the rest of the graph is. For the 4-node path
A2 =2 — /2~ 0.59, below every degree in the graph.

min; d;: take a node v of least degree

(d) L is linear in the weights, so scaling them all by 2 doubles every eigenvalue. What scaling
leaves alone is the Fiedler vector, and with it the spectral embedding and any ordering or
bisection read off from it. Ao carries the units of the weights because it measures how
strongly the graph is held together: it is zero when the graph falls apart, small when
the graph is nearly disconnected, and nAs is the least Dirichlet energy of any centered
embedding with RMS value one.



2. Numerical computations (20 points). What the four parts of this problem have in
common is not a topic but a task: each one asks you to carry a calculation through to actual
numbers, and the four are drawn from four different corners of the course. Beyond that they
are independent. Nothing in one part is needed in another, so you may do them in any order.

a) (4 points) A graph Laplacian. The undirected, unweighted graph below has 9 nodes.
Let W be its adjacency matrix, D the diagonal matrix of degrees, and L = D — W its
Laplacian.

@
ea‘@ @ a@

Find a matrix Z € R%** with k as large as possible, such that

o L7 =0,
e every entry of Z is O or 1,

e the columns of Z are nonzero and mutually orthogonal.

Give k and Z, explain why no larger k is possible, and say in one sentence what the
columns of Z represent.

Solution. Lz = 0 if and only if 2T Lz = %Zw Wij(zi — 2j)? = 0, which forces z; = z;
across every edge, so z is constant on each connected component. The components
here are {1,3,5,8}, {2,6,9}, and {4,7}. A vector in null(L) with entries only 0 and
1 is therefore the indicator vector of a union of components, and two 0/1 vectors are
orthogonal exactly when their supports are disjoint. So the columns of Z are indicators
of pairwise disjoint, nonempty unions of components: there are only 3 components to go
around, hence k£ < 3. Taking one component per column attains it, with £k = 3 and

1 0 07
010
1 00
0 01
Z=1100
010
0 01
1 00
L0 1 0]

up to a permutation of the columns. Column j is the indicator of the jth connected
component: Z;; = 1 when node ¢ lies in component j. So Z is a component indicator
matrix, and its columns are a basis of null(L).



Two remarks. First, ZTZ = diag(4,3,2), the component sizes, so the columns cannot
be made orthonormal while keeping 0/1 entries: rescaling column j by 1/4/|C;| is what
orthonormalizes them. Second, k = dimnull(L) = 3 here, so by rank-nullity rank L = 6,

even though the graph has 7
edge.

edges: the triangle 1-5-8 contributes a dependent third

b) (6 points) A noisy sensor. A single sensor measures the sum of the two components

of an unknown z € R2:
Y

where z ~ N(0,%;) with X,
You observe y = 9. Find the
Then sketch the two ellipsoids

{z:2T%

=Az+w, A=[1 1],

= 9I, and the noise w ~ N(0,9/4) is independent of x.
MMSE estimate & of x and the posterior covariance P.

Sl2<1} and {z:2"P7lz<1},

and give the direction in which the second has shrunk the most relative to the first and
the direction in which it has shrunk the least, with the factor in each case. Show that

the least shrinkage is in fact n
that direction untouched.

posterior oo TT T

o shrinkage at all, and explain why the measurement left

4 +
vy

Solution. Here A, AT + %,

:18+9/4:81/4andeAT:9[H,SO

i s AT T S I I

11 -4 5

P:Zw—EIAT(AZxAT+Ew)_1AZx:9[—4[1 1} = [ g _4}

The information form is just

5 4
1 .
9 [ 45 ] , whose determinant

as quick: P71 = 3 1 4 ATy 1A = %IJF % [1 1] =

is %(25 —16) = %, giving the same P.

10



32 = 91 has the single eigenvalue 9, so the prior ellipsoid is a circle of radius 3 and every
direction is a principal axis. For P, write

=[] =[]

The eigenvectors are vy /v/2 with eigenvalue 5 — 4 = 1 and v_/v/2 with eigenvalue
544 =9, so the posterior ellipsoid has semi-axis v/1 = 1 along v, and semi-axis v/9 = 3
along v_.

Comparing the two ellipsoids direction by direction, the semi-axis went from 3 to 1 along
vy, a shrinkage by a factor of 3, and from 3 to 3 along v_, a factor of 1. So the most
shrinkage is along v, and the least is along v_, where there is none: the prior circle
is squashed onto an ellipse in one direction only, and the two directions are orthogonal
because P is symmetric.

The reason nothing happened along v_ is that the measurement never saw it. Since
Av_ = 0, the component of z along v_ contributes nothing to y, so no value of y can
say anything about it: the posterior variance in that direction is still the prior 9, and

vT# = 0 whatever y turns out to be. All the information arrives along vy = AT, which

is the one direction the sensor responds to.

.5
A5 ] ; the

Sanity check on Z: the sensor reads y = 9, and splitting it evenly would give [

noise shrinks the estimate to [j} )

(6 points) Three ways to fit a line. You are given the four data points
(2,2), (4,0), (44), (6,6),

plotted below. Fit a line y = max + b to them three times, determining both the slope
m and the intercept b in each case. The first fit minimizes the sum of squared wvertical
distances from the four points to the line, the second minimizes the sum of squared
horizontal distances, and the third minimizes the sum of squared perpendicular distances.
Give the three lines, and say in one sentence why they are not all the same.

Y
=5/2
a m / om=2
6t o m=1
e
,/
5 centroid
4 (4,3) .
3 =+
2 T [ J
e
1+ /7
4
,I
¥ t t @ t t t x




Solution. Write p; = (z;,y;). The five sums we need are

S =16, Syi=12, Y a?=72, S y?=56, > xy; =56,

so the centroid is (z,y) = (4, 3).

Vertical distances. With unknowns 6 = (m,b) this is least squares, y ~ A6 with A =
[x 1 ], SO

R R L )

Since det ATA = 288 — 256 = 32,

1 4 161 | 56 1] 32 1
AT N1 4T, _+ _
b=44) Ay_32[—16 72“12] 32[—32] [—1}’
so the fitisy =z — 1.
Horizontal distances. Now x is the dependent variable, so fit z &~ cy+d with B = [ y 1 ] :

T, [56 12 + [56 T oot ian
BB_[12 4], Bm—[lﬁ, det BTB = 224 — 144 = 80,

c|_ 11 4 120156 1 132| |2/5
d| 8 |—12 56 | |16 80 [224| |14/5]"
So x = %y + %, and solving for y, the fit is y = %x -7
Perpendicular distances. This is PCA. Center the data,

i (=2,-1),(0,-3), (0,1), (2.3),  C=) pipi = [2 280]’

and take the principal direction: A2 — 28\ + 96 = (A — 24)(\ — 4), and for A = 24,
(8 —24)uq + 8ug = 0 gives us/u; = 2. The best-fit line passes through the centroid along
that direction, so y — 3 = 2(x — 4), that is, y = 2z — 5.

The three differ because each charges the error to something different: the first treats
x as exact and puts all the error in y, the second does the reverse, and the third treats
the two coordinates symmetrically. The slopes are 1 < 2 < %, with the perpendicular fit
between the other two, as it always is.

Two things worth noticing. All three lines pass through the centroid (4, 3): for the first
two this is the second normal equation, ) (y; — ma; —b) = 0, and for the third it is
where the centering came from. And the reason the three answers differ at all is the
single point (4,0): the other three points lie exactly on y = x. That point sits directly
below the centroid, so it leaves C,, = 8 and Cy, = 8 untouched and only inflates Cy,
from 8 to 20. The vertical fit uses Cyy/Cy, and so keeps slope 1; the horizontal fit uses
Cyy/Cyry and steepens to %; the perpendicular fit uses both and lands in between.

12



d) (4 points) A trade-off between two objectives. With x € R?, let

A=[1 1], b=0, C—[(l] H d—[;],

and consider the two objectives
J = ||Aa:—b|]2, Jo = ||C’:1:—d||2.

For > 0, let *(u) be the minimizer of the composite objective J; + puJo. Find z*(u)
explicitly as a function of p. Then sketch the optimal trade-off curve in the Ji—J> plane,
and mark the two points on it that correspond to ¢ — 0 and g — oo, giving their
coordinates.

FExtra credit (2 points): find the equation of the trade-off curve, in the form J; = f(J2).

p— oo: (Jo,J1) = (0,9), where z* = [2 1 ]T

p— 0:(9/2,0), where z* = |
J2

N
N

Solution. Here J; = (71 + x2)? and Jp = (72 — 1)? + (21 — 2)%. Minimizing J; + pJs =

el

| Az — b||? + p||Cz — d||? is the least-squares problem with the stacked matrix [

so its normal equations are

(ATA+uCTO)z = ATb + puC'd.

Now C swaps the two coordinates, so CTC =T and CTd = [?] , while ATA = [ 1 H

and ATb = 0. The equations are

1+p 1 B 2 B 2 4

so for >0
() = W [1+u —1“2]: 1 [2u+1]
p(p+2) [ -1 1+p]|1] p+2p-1]

13



The two ends. As p — oo, £* — [2 1 }T, which solves Cx = d exactly, so Jo = 0 and
J1=02+1)2=9 Aspy—0,z*— [% —%]T, which has 21 + 29 = 0 and so J; = 0,
with Jo = (% — 2)2 + (—% — 1)2 = %—l—% = %. (At p = 0 the objective is J; alone, which
every x on the line 1 + x5 = 0 minimizes; the limit picks out the one among them that
is best for J;.) So the curve runs from (Jz,J;) = (0,9) down to (9/2,0), as sketched.
Points above and to the right of it are achievable and points below and to the left are
not.

Ezxtra credit. From the formula above, £1 + x9 = % andx;1 —2=x9—1= u;+32’ SO
92 18
J = — J: = .
1(:“) (N + 2)2 2(/1') (M + 2)2

Hence +/J1 = % and /2Jy = ﬁ, and these two add to 3. The trade-off curve is
therefore

VIl 4202 =3, thatis  Jy= (3—/2J)° =9 —6y/2Jy + 25,

for 0 < Jy < 9/2. It is decreasing and convex, and a short computation gives d.J; /dJs =
—u at the point 2*(u), as it must be: the level sets of J; + p.Ja are lines of slope —p in
this plane. That is why the curve leaves the J; axis vertically (u — oo) and meets the
Jo axis flat (1 — 0), and why the slope is —1 at the point (2,1) where pu = 1.

14



3. Bringing back a population (20 points). A discrete-time linear dynamical system has
a state z(t) € R™ at times t = 0,1,2,... and an input u(t) € R™ that we choose at each time.
The state evolves according to

z(t + 1) = Az(t) + Bu(t), AeR™™ BeR™™,

so once x(0) and the inputs are given, the whole trajectory is determined.

A nature reserve holds a threatened bird species, counted once a year just after the young
have fledged. Let j(t) be the number of juveniles, meaning birds in their first year, and let
a(t) be the number of adults at the count in year ¢. In our model, from one count to the next
each adult leaves one young that survives to the next count, half of the juveniles survive and
become adults, and half of the adults survive.

The reserve can also bring birds in from a captive breeding centre. Let u(t) be the number
of captive-bred young released just before the count in year ¢ + 1, so the effect of u(t) shows
up in j(t + 1), one count later, and from then on those birds face the same odds as the wild
ones.

(L . . . .
Take the state to be z(t) = [‘ZLE ti ] The halves in the model will sometimes give counts
that are not whole numbers, which is nothing to worry about: rates like half of the adults
surviving are averages over a population, not statements about one bird. Treat j(t), a(t) and

u(t) as real numbers and do not round anything.

1

u(t) /;\ g
/12

1/2

The reserve was founded with 24 adult birds, released just before the year-O count, so

0 . .
z(0) = [2 4} The recovery plan calls for 28 juveniles and 28 adults at the year-3 count, 56
birds in all; part (b) explains why the plan asks for that particular split. Captive-bred birds
are the expensive part of the program: a large release in a single year costs more per bird
than a small one, since the birds have to come from farther afield and more of them are lost
to dispersal and competition on arrival. We model the cost of a release of u birds in one year

as u?. The model ignores crowding, which is reasonable at these numbers.

a) (4 points) Write the model in the form z(t + 1) = Ax(t) + Bu(t), and give A and B.
Then suppose the reserve releases no birds at all, so u(t) = 0. Compute z(1), 2(2) and
x(3), and say whether the reserve reaches the plan on its own.

Solution. The two counts at the next census are j(t + 1) = a(t) + u(t) and a(t + 1) =

2i(t) + La(t), so
e[ ) [
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The top row says juveniles come from adults, one each, plus the birds released; the
bottom row says adults come from the half of last year’s juveniles that mature and the

half of the adults that survive. With v = 0 and x(0) = {204] )

=5 s@=g] we=]3].

with totals 24, 36, 30, 33. So no: the founders produce a burst of young in the first year,
after which the counts swing and settle in the low thirties, well short of 56. Nothing in
the model pushes the population toward the plan, which is why the reserve has to bring
birds in. (Part (b) explains both the swing and the level it settles at.)

b) (5 points) Suppose the program has ended, so u(t) = 0 from then on. Find the eigenval-
ues and eigenvectors of A, say whether A is diagonalizable, and give a closed form for
the matrix power A*. What do these say about the population: does it grow, and what
does it look like in the long run? What is special about the state [28 28 }T the plan
aims at?

Solution. The characteristic polynomial is det(A—AI) = A2 — A -1 = (A=1)(A+3),
-1 1

so the eigenvalues are 1 and —1/2. For A =1, (A —I)v = [1/2 —1/2

]v = 0 gives

1/2 1
1/2 1
eigenvalues are distinct, so the eigenvectors are independent and A is diagonalizable:
with

v=1 1]T; for A = —1/2, (A+ 31)v = [ ]v:OgiveSU: [2 —1]T. The

TRt A R T

we get

A =P iy |-

(A quick check: at ¢ =1 this gives A back.)

The population does not grow. The eigenvalue 1 says it sits exactly at replacement: each
generation just replaces itself. The eigenvalue —1/2 is a transient that halves and flips
sign every year, which is the swing seen in part (a): founding with adults only puts a
]T

1 2
large component along [2 —1] ', and it decays away. In the long run A* — % { ],

1 2
so

i) — 1020 1],

equal numbers of juveniles and adults, at a level set only by j(0)+2a(0). An adult counts
double a juvenile because only half of juveniles reach adulthood. Here j(0)+2a(0) = 48,

so the reserve settles at [16 16 ]T, 32 birds: it holds, but it never reaches 56.
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In fact j(t) + 2a(t) is unchanged by the free dynamics, which is worth noting for the
parts that follow: it is 48 at all four counts in part (a).

The plan’s state is [28 28]T =28 [ 11 ]T, exactly the eigenvector for A = 1. So the
day the releases stop, the population stays there with no transient at all: the plan hands
over 56 birds in the one split of the two stages that holds. Any other split of 56 would
drift.

(5 points) Starting from x(0) = [ 0

9 4} , you want to meet the plan exactly at the year-3

1:(3):[32].

Show that #(3) = A%z(0) + Cu, where u = [u(0) u(1) u(2) }T, and give the matrix
C € R?*3 explicitly. Explain why such a release plan exists, and why there is more than
one. Then find the cheapest plan, the one that minimizes u(0)? + u(1)? + u(2)?, and
describe it in words.

count:

Solution. Iterating the recursion,
z(1) = Az(0) + Bu(0),  2(2) = A%z(0) + ABu(0) + Bu(1),
z(3) = A32(0) + A2Bu(0) + ABu(1) + Bu(2),
so 7(3) = A3z(0) + Cu with
a2 (12 0 1] _ 112 0 4
C—[AB AB B]_[1/4 12 0|=1l1 2 0|

using B = |1 O]T, AB =0 1/2]T and A’B = [1/2 1/4]T. Part (a) already gave
A3z(0) = [ 18 15]T, so the condition on the plan is

eue ][] [ 1] -«

Ezistence. The first two columns of C are independent, so rank C = 2 and range(C) = R2.
Any year-3 count can be reached, including the plan.

More than one plan. C is 2 x 3 with rank 2, so dimnull(C) = 1: solving 2« + 4y =
0 and a + 28 = 0 gives null(C) = span{[2 -1 —1]T}. Adding any multiple of
[2 -1 -1 ]T leaves the year-3 count untouched, so the plans that work form a line
and we can pick the cheapest point on it.

Cheapest plan. This is a least-norm problem: minimize ||u|| subject to Cu = d, with
solution v = CT(CC")~'d. Here

574 18 3 4 8[5/16 —1/8
CCT_L/S 5/16}’ det =g (cch 1_3[—1/8 5/4]’
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wiceny [9] <4 [2] = 4]

A /2 1/47 ¢, 12
u=C_CT [40} =10 1/2 [40] =120, |w||* = 144 + 400 + 16 = 560.
1 0 4

(Pulling the 1/4 out of C first is easier: with C = iCO the same computation is u =

4CT (CoCT)~Ld with CoCJ = [220 ﬂ and det = 96.)

So release twelve birds the first year, twenty the second and four the third, giving the

counts - [?g] a2 = [3?1] ,  x(3) = [32] :

As a check, u = [12 20 4]T is orthogonal to [2 -1 -1 ]T, which the least-norm
solution must be: it has no component in null(C).

It is worth seeing where the total comes from. By part (b) the free dynamics leave j 4 2a
alone, and each released bird raises it by 1, so every release plan that hits the year-3
target satisfies u(0) + u(1) + u(2) = 84 — 48 = 36: thirty-six birds, no matter what.
A cost proportional to the number of birds could therefore not tell the plans apart at
all. The only thing a plan can choose is the timing, and that is what the quadratic cost
prices.

(6 points) The breeding centre has already published what it will send: 4 birds the first

year, 20 the second, 12 the third. That schedule lands at z(3) = |32 26]T rather
than on the plan. You have to meet the plan exactly, and you want to depart from the
published schedule as little as possible. The first year’s birds are already committed, so
a change there counts double:

2

minimize  4(u(0) — 4)* + (u(1) — 20)° + (u(2) — 12)

subject to x(3) = [32} .

Find the optimal release plan.

One route is to write the optimality conditions for this problem as a single linear equation
Wz =y, which you could then solve for z. Giving W and y explicitly, saying what the
unknown z is, and explaining how solving Wz = y would give you the optimal plan is
worth 3 of the 6 points on its own: you do not have to solve that system, which may
well be larger than is reasonable to do on paper. Full credit is for the plan itself, by any
method you like. If you can find it some other way, do that and skip Wz = y entirely.

Solution. This is norm minimization with an equality constraint. Since 4(u(0) —4)% =
(2u(0) — 8)2, the objective is || Ru — r||? with

2 00 8
R=101 0], r=|20],
0 01 12
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1/2 0 1
1/4 1/2 0
d=[10 13 ]T. Part (c) is the special case R = I, r = 0 of this problem.

and the constraint is the one from part (¢), Cu = d with C = [ } and

The linear system. With a Lagrange multiplier A € R? for the constraint, the optimality
conditions are RTRu — R"r +C" A = 0 and Cu = d, that is Wz = y with

4 0 0 1/2 1/4
0o 1 0 0 1/2
T T
W:[RCR CO}: o o0 1 1 0|, z:[;‘],

/2 0 1 0 0
1/4 1/2 0 0 0

16

10

13

If W is invertible, z = W1y and the optimal plan is the first three entries of z; the last
two are the multipliers, which we do not need.

Solving it without inverting W. Eliminate the constraint using part (c) instead: every
release plan that meets the target has the form

12 2
u= 20| 4+~v]|-1]1, v eR,
4 -1

so the objective becomes a quadratic in the one remaining variable,
48429 +2+ (8+17)%

whose derivative is 16(8 4+ 2y) + 2y + 2(8 + v) = 36y + 144. So v = —4 and

12 2 4
u= 120 -4|-1]|=1]24],
4 —1 8

with |[Ru — r||? = 0 + 16 4+ 16 = 32, the smallest possible. Three unknowns and two
constraints leave one degree of freedom, so this route replaces a 5 x 5 system with one
derivative.

Compared with the published schedule, the first year is left alone and four birds move
from the third year into the second. That is exactly the correction the plan needs: a
bird released in year 1 contributes AB = [O 1/2 ]T to the year-3 count, since half of
that cohort are adults by then, while a bird released in year 2 contributes B = [ 10 ]T,
because those birds are still juveniles at the year-3 count. Moving four birds from
the third year to the second therefore trades four juveniles for two adults, turning the

published schedule’s [14 11 ]T into the required [10 13]T The centre’s schedule
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sends the right number of birds at the wrong times: too many juveniles, too few adults.
The resulting counts are

2(1) = [fg] 2(2) = [gg] 2(3) = [;2]

The first year coming out exactly at its published value is a coincidence of these numbers,
not something the double weight guarantees. As a check on the conditions above, this u
gives RTRu—R™r = [0 4 —4]" and A= [4 —8] solvesCTA=—[0 4 —4] .
So the vector z = [4 24 8 4 —S]T does satisfy Wz = y.
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4. The gain of a block matrix (20 points). Let A, B,C,D € R" " and assemble them
into the block matrix

A B 9
M = R n><2n.
eIk
Throughout, [|-|| is the matrix norm, that is, the largest singular value, which we read as a
gain:
| Az|]
Al = <(A) = .
” H Oma ( ) I?i‘é{ H‘rH

We know the gain of each of the four blocks, and the question is what those four numbers tell
us about M itself.

a) (8 points) Show that
max {[|A[l, | Bll, [[C], ID} < [|M],

and that

1M < VAR + [BI? +[IC]? + || D]
Each of the two bounds is worth 4 points.

Solution. Some shorthand keeps the lines short. Abbreviate the four gains as

a=|4], b=|Bl, c=][Cl, ~ d=]D],
and split a vector z € R?" into its two halves, z = [;ﬂ with x,y € R, so that

_ | Az + By 2 2 2
M= | 2TV = el + ol

The lower bound. Each block is what M does between two coordinate subspaces: with

sofi) o[

we have A= ETME, B=ETMF,C = FTME and D = FTMF. The columns of E
and of F' are orthonormal, so ||E|| = ||F|| = 1, and a matrix and its transpose have the
same norm. Submultiplicativity then gives

a=||[ETME|| <||ET||M]|E] = IM],
and the same for b, ¢ and d, so max{a,b,c,d} < |M]|.

If you prefer to see it directly: pick a unit x with ||Az|| = a. Then z = [g] is a
unit vector and ||[Mz||? = ||Az||? + ||Cxz||* > a?, so ||[M]|| > a. Taking z = [g] with

|Cx|| = ¢, and z = [2] for the other two blocks, covers the rest.
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The upper bound. Let z = [z] with ||z|| = 1. By the triangle inequality, then the

definition of the gains, then Cauchy—Schwarz on the pairs (a,b) and (||z||, ||y|),
|4z + Byl < || Azl| + | Byll < allzl| +blly]| < va? + 0 V/[[2[2 + [y[* = o> + 12,
and in the same way ||Cz + Dy|| < V2 + d2. Adding the squares,
|Mz||? = | Az + By||> + |Cx + Dy|* < a® + b* + ¢ + d2,
for every unit z, which is the claim.

b) (6 points) Show that

)

v < i) ot |

where the matrix on the right-hand side is 2 x 2.

Solution. Keep the shorthand of part (a) and call the 2 x 2 matrix of gains
a b
valo ]

Start from the two inequalities used in part (a), but stop before Cauchy—Schwarz:
Az + By|| < allzl| +bllyll,  [[Cz+ Dyl < cllz| +dlyl|-

Collect the lengths of the two halves in the single vector u = [ ||z| ||yl ]T € R?, which
satisfies ||u|| = ||z||. The two right-hand sides are exactly the entries of Nu, and they
are nonnegative, so for a unit z,

1M 2] < (allz]| + bllyl)* + (cllll + dllyl)* = [INull® < [IN|*ul® = | N]*.

Hence ||M|| < ||N||. The content of the bound is that the 2n x 2n problem is controlled
by a 2 x 2 one in which every block has been replaced by its gain.

c) (6 points) Parts (a) and (b) give two upper bounds on ||M||. Decide which of the two is
smaller, prove your answer, and say exactly when the two agree. This is worth 3 points.

Then, for the remaining 3 points, give one numerical example: choose n and give explicit
numbers for A, B, C, D for which the lower bound of part (a) holds with equality, and
exactly one of the two upper bounds holds with equality.

Solution. Which bound is smaller. The one in part (b), always. The quantity under the
square root in part (a) is the sum of the squared entries of N, so that bound is nothing
but | N|r, and ||N| < ||N||p for any matrix. In singular values: if o1 > o9 are those
of N, then ||[N| = o1 while |[N|% = 0} + 03. So the two bounds agree exactly when
o9 = 0, that is when N has rank at most one, which for a 2 x 2 matrix means ad = bc;
otherwise part (b) is strictly better.
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Part (b) is also the best bound available from the four gains alone: with n = 1 and
nonnegative blocks, M is N. And in the rank-one case the two upper bounds are
not merely equal but both attained, for instance at A = B = C = D = I, where

z= [i] /V/2 is amplified by 2 = || N|| = Va2 + b2 + ¢ + d=.

An example where the bounds separate. Which of the two upper bounds can be the tight
one is settled by the first half: if the bound of part (a) were exact then, sitting above
the bound of part (b), it would force that one to be exact too. So the example must
make the bound of part (b) exact and leave the bound of part (a) strict. Take n = 1,
B=C=0and A=1,D=1/2:

M= [(1) 1(/)2] =N

Herea=1,b=c=0,d=1/2, so max{a,b,c,d} =1, and | M| = || N|| = 1 because M
is diagonal, while part (a) offers /1 +1/4 = v/5/2 ~ 1.12. The lower bound and the
bound of part (b) are exact; the bound of part (a) overshoots.

Any block diagonal M does the same in any dimension, since || M z||? = ||Az||?>+|| Dyl|? <
max{a, d}?| z||? gives ||M| = max{a,d}, against Va2 + d? from part (a).

Nothing else works, and the reason is worth seeing. Suppose ||N|| = max{a, b, c,d}, and
say the largest of the four is a. Since | V|| is at least the norm of any column of N, and
at least the norm of any row because ||N| = || NT|,

\/mgﬂNH:a and \/mSHNHZG’

so b = ¢ = 0. If instead the largest is b, the same argument forces a = d = 0. So the only
examples are the ones above: two blocks vanish and the surviving two sit on a diagonal
of M. Equivalently: if all four gains are positive, then the row and the column through
the largest of them carry something else positive too, so ||N|| > max{a,b,c,d} and the
two bounds cannot meet.

The obstruction is in N, not in M: the lower bound alone can be attained with all four
blocks nonzero. Take n = 2 and let M be the cyclic shift on R*, Me; = eg, Mey = e3,
Mes = eq, Mey = e1. Each of its four 2 x 2 blocks holds a single 1, soa=b=c=d =1,
and M is a permutation matrix, hence orthogonal, so ||[M|| = 1 meets the lower bound

exactly. But now N = ! 1} and part (b) promises only |[M| < 2: the four gains

11
cannot see that the blocks act along different coordinates.
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5. Isolating one effect (20 points). A retailer wants to know what a dollar of advertising is
worth. Over n weeks you record the sales y;, the advertising spend d;, and the conditions of
the week that are known to move sales on their own: the season, holidays, the price charged,
and so on. Stack the first two into y,d € R™, and put week i’s conditions in the ith row of a
feature matrix ® € R™*P; assume p < n and & full rank. The records satisfy

y=0d+ da + u, d= oy +u, Ty =0, dTv =0, v # 0.

The scalar 6 is what you want: the sales brought in by one more dollar of advertising. The
vectors o,y € RP are of no interest in themselves, and may be large. The first says how the
season and the price move sales by themselves; the second says how the marketing team sets
its budget from that same information, since it advertises hardest in the weeks it expects to
be strong. That second equation is the difficulty. It makes d and the columns of & move
together, so a plain fit of y on d credits advertising with the sales the holidays would have
brought anyway. The two leftovers carry nothing the features could have explained, which is
what the orthogonality conditions say: v is the spending the team’s own rule does not account
for, and u is the part of sales that neither advertising nor the conditions explain. Write

P=o(@"®) T  M=I-P

These should look familiar: for any vector z € R™, Pz is the least-squares approximation
of z by the columns of ®, and Mz = z — Pz is the residual, the part of z that no combination
of features can account for. That is the one idea the whole problem runs on. If we can subtract
off everything the features explain, what is left should be linked only by advertising. Part (a)
works out what M does to the data; parts (b) and (c) ask what estimate of 6 you get when
you do that subtraction on one of y and d, and then on both.

a) (8 points) The tool. Before using M we should know exactly what it does, so this part
is eight short questions about it, one point each.
i. Show that MT = M and M? = M, so that M is an orthogonal projector.
ii. Give range(M), as a subspace built from ®.
iii. Give null(M), as a subspace built from ®.
iv. Give rank M, as a number in terms of n and p.

v. Let ® = QR be a QR factorization. Express P in terms of (), with no matrix
inverse left in the formula.

vi. Give the eigenvalues of M, and the multiplicity of each in terms of n and p.
vii. Show that Md = v.
viii. Show that My = 6v + u.
The last two identities are what the rest of the problem lives on, so they are worth

reading: after the subtraction, all that survives of the spend is the team’s own v, and
all that survives of the sales is # times that same v, plus .

Solution. (i). ® is full rank with p < n, so ®T® is invertible and P is defined. Since
®Td is symmetric, so is its inverse, and PT = ®(®T®)"1dT = P, while

PP=0o(@ o) 'oTo@T0) toT =p(@Td) o = P.
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Hence M" = M and M2=1—-2P+ P2=1— P = M.

(i), (iii), (iv). P is the orthogonal projector onto range(®), so M projects onto its
orthogonal complement:

range(M) = range(®)t = null(®7), null(M) = range(®), rank M =n — p.

(v). With ® = QR, @ € R"*P has orthonormal columns and R € RP*? is invertible, so
QTQ = I and

P= QR(RTQTQR)_lRTQT =QR(R'R)'RTQ" =QRR'R"TR™QT = QQT.
So M = I—QQT, which is the same projector read in an orthonormal basis for range(®).

(vi). Any vector in range(®) = range(Q) is annihilated by M and any vector orthogonal
to it is left alone, so the eigenvalues of M are 1 with multiplicity n — p and 0 with
multiplicity p. (This is what a projector always looks like, and the multiplicities agree
with rank M =n — p.)

(vii), (viii). ®vy € range(®) = null(M) gives M®y = 0, and ®'v = 0 puts v in
range(®)+ = range(M), so Mv = v. Therefore

Md=M®y+ Mv =w.
The same two facts give MPa =0 and Mu = u, so
My=0Md+ M®a+ Mu = 0v + u.

In words: multiplying by M throws away everything the known conditions can explain.
What is left of d is the spending that was unusual for the week, and what is left of y is
f times that spending, plus u.

(4 points) A first idea. Sales move with the season and the price as well as with adver-
tising, so clean that out of the sales: use My in place of y, and fit # against the spend
by least squares. This is an ordinary least-squares problem with one unknown and the
single-column matrix d:

Opaive = arg;nin | My — 0dH2.

Give a closed form for énaive. Now test the idea: set u = 0, so the records follow the
model exactly and any error we see is the fault of the method rather than of noise. What
we would like is Ophaive = 6. Show that instead the estimate comes out proportional to 6,

A~

enaive =K 07

and find the factor k. Say what x is geometrically, and state the one condition under
which the idea does return 6.

Solution. The first idea fails, but in a way that says exactly what went wrong. The fit
itself is the usual one for a single-column matrix d:

naive de .
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Using My = 6v + u from part (a) and d = ®v + v, the orthogonality ®Tv = ®Tu =0
kills the ®v term:

N l|v||? +vTu
d"My = (&y +v)T(0v+u) = 0|Jv]|* + v"u, S0) Onaive = H’;W
With v = 0 and v = Md this is énaive = k0 with

|l
I

Geometrically, k = 1 — ||Pd||?/||d||? is the fraction of the energy of d that the features
cannot explain, that is
K = sin® Z(d,range(®)).

It lies between 0 and 1, so the estimate is always pulled toward zero: |§naive| < 10|, with
equality if and only if Pd = 0, that is ®'d = 0: the team’s spending has nothing to do
with the season. Note what the bias does not depend on: « never appears. Cleaning
the features out of y alone is not enough, because they are still sitting inside d.

c) (8 points) A better idea. Part (b) cleaned the features out of the sales but left them
sitting inside the spend, which is what the factor x is measuring. So clean both, and fit
what is left of the sales against what is left of the spend. This is again a least-squares
problem with one unknown, now with the single-column matrix Md:

0 = argmin |[My — 6 Md)|>.
0

Give a closed form for é, and test it the same way as before: show that when u = 0
it recovers 6 exactly, for every a and every . Then compare it with the approach you
would probably have reached for first, which is to fit # and « together in one least-squares
problem and read off the first entry. Show that these give the same answer, that is, that
6 is the first component of

argmin |y~ [d @] [GMQ

0, «Q

Solution. Again one unknown, now with the single-column matrix Md, and MTM =
M? =M, so

(Md)T(My) _ d"My

(Md)T(Md)  d"Md

With u = 0 part (a) gives My = 6v and Md = v, so

0=

Ollvll* _

0 = -
[

whatever a and -y are. Both nuisance vectors have been projected away, which is why
neither can bias the answer. (This is also where v # 0 is needed: d' Md = ||Md|? =
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|v]|?2.) Read the estimate as a comparison of surprises: it lines up the sales that were
unusual for the week against the spending that was unusual for the week, and everything
the season explains has been taken out of both.

[SNEENAN

The joint fit. Write A = [d CI)]. Its normal equations AT A {
blocks:

] = ATy split into

ATd0+d"®a=d"y, B dO+d da=2a"y.
The second block gives @ = (®T®)"'®T(y — fd). Substituting it into the first, and
recognizing ®(®T®)"1eT = P,
d"d0+d"Py—0d"Pd=d'y, thatis 0d' (I—P)d=d"(I-P)y,
so = d"My/(d"Md), the same estimate. (Note A is full rank exactly when d ¢
range(®), that is when Md # 0, which is the assumption v # 0 again.)

So fitting advertising and the features together in one least-squares problem is the same
as cleaning the features out of both y and d and then doing a one-variable fit. Part (b)
failed because it cleaned only one of the two. (This equivalence is the Frisch-Waugh-
Lovell theorem.)
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This problem is entirely extra credit. Attempt it only if you have time left over.

6. Extra credit: a huge matrix you can only multiply by (8 points). A symmetric
matrix A € R™" is given, with n in the millions. Its eigenvalues satisfy

Aul > Az > - > Al

and you want \; together with an eigenvector belonging to it.

You never get to see the entries of A. What you have is a module that takes any vector
z € R™ and returns Az, and you may call it many times. Beyond that you can do the cheap
things with vectors: add them, scale them, take inner products and norms.

Two limits come with the size, and both matter. Your machine has room for a few vectors
of length n and nothing like room for n?
you might come by it: forming it or factoring it is out of the question. And the module is not
free. Every call to it, one matrix-vector product, costs you a dollar. Aim to get the job done
cheaply: a good answer for a couple of hundred dollars would be a success.

Give a procedure that produces both A; and an eigenvector for it, and justify it. Your
answer should say what you compute and in what order, how the eigenvalue and the eigenvector
are read off from what you have computed, why what you get belongs to A1 and not to one
of the other eigenvalues, which of the assumptions stated above your justification uses and
where, and what you have to assume about anything you are free to choose yourself. Since this
has to run on a real machine, say something about the sizes of the numbers your procedure
carries along, and about the work and the storage each stage costs.

You are not being asked for an exact answer after a fixed amount of arithmetic. A procedure
whose two outputs can be brought as close as you like to A1 and to an eigenvector for it is a
full answer.

numbers, so you cannot keep a copy of A, however

Solution. The procedure. Take any zp € R™ with ||zg]| = 1, say a vector of random entries,
and repeat: multiply by A, record a number, normalize. For £k =0,1,2,...
wy = Az, [ = z,;rwk, 2+l = Ok
[[wg]]

Both answers come out of the same loop: i — A1, and zi itself converges to a unit eigenvector
belonging to A1, so the vector you are already carrying around is the eigenvector. Note that
Wi = z,;rAzk is the Rayleigh quotient of zj, and it costs nothing extra: it is an inner product
with the wy we already have.

Why it works. A is symmetric, so it has an orthonormal set of eigenvectors ¢, . .., g, with
Ag; = N\ig;, and these are a basis of R”. Write the starting vector in that basis, z0 = >, cig;
with ¢; = qiT zo. Bach pass multiplies by A and rescales, and rescaling does not change direction,
so after k passes the direction is that of

A\
Az =Y edfa =M | aa+ ) ()\i) gi
; i>2

Both assumptions in the statement are used here, and it is worth naming them. Symmetry is
what supplies the orthonormal eigenbasis, so that the expansion exists and the coefficients are
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just inner products. The strict inequality |[A1| > |A2| is what makes every ratio |A;/\1| with
1 > 2 strictly less than 1, so each of those terms dies geometrically and the bracket tends to
c1q1. The scalar )\If in front is exactly what normalizing removes, so zp — =£qi: the iterates
line up with the eigenvector belonging to A1, which answers the second half of the question.
Then, by continuity of the Rayleigh quotient,

e = 2p Az — qf Agr = M.

The sign cannot be pinned down, and does not need to be: —gq; is an eigenvector for A\; just
as much as ¢ is.

The one thing to assume about the free choice is ¢; = qf zo # 0: if the starting vector
happens to be orthogonal to ¢, the iteration converges to Ay and its eigenvector instead. The
bad set is a hyperplane, so a random z( satisfies ¢; # 0 with probability 1.

Why the Rayleigh quotient and not something simpler. Because it gets the sign right. Since
2z — *£q1 and the sign alternates when A\; < 0, the quadratic form is insensitive to it, while
|Azk|| — |A1]| loses the sign entirely. Reading A off one component, (Azy);/(zx)i, is correct
in the limit but unusable if that component of ¢; is near zero.

When to stop. Stop when the estimates settle, say |ur — pgr—1| below a tolerance. Better,
the residual certifies the pair you are about to report: for symmetric A, if ||Azx — ppzi| < €
with [|zx|| = 1, then A has an eigenvalue within € of p, and z; is an approximate eigenvector
for it. That residual is free as well, again from wy.

On a real machine. Two points, both about scale. Without the normalization the entries
of AFzy grow like |\1|¥, or shrink like it if |A;| < 1, and overflow or underflow within a few
dozen passes; dividing by ||wy|| each time keeps every number of order 1, and the A\¥ we throw
away is not needed, since the eigenvalue comes from the Rayleigh quotient rather than from
the length. As for cost, a pass is one call to the module, so one dollar, plus a few operations
on vectors of length n; the storage is two such vectors. Nothing anywhere is of size n?, which
is the only reason any of this is possible at n in the millions, where A itself would have 10'2
entries.

How fast, and what it costs. The error in the direction shrinks by a factor of about |Ag/A1|
per pass, and the error in u; by about the square of that, because for symmetric A the
Rayleigh quotient is accurate to second order in the angle. So the method is quick when Aq
is well separated and slow when |Aa| is close to |A1]. Against the budget: at a ratio of 0.9,
two hundred passes, two hundred dollars, bring the direction error down by a factor of around
1077, and the eigenvalue error further still. A gap of 0.999 is another matter, and then one
reaches for a better method than this one.

Strictness is not decoration. If Ay = —A2, both terms survive and nothing converges: with
A = diag(1,—1) and zp = [1 1 ]T /\V/2, every z, is [ 1 =+1 ]T /v/2 and py, = 0 forever, which
is not an eigenvalue of A at all.

This is the power method, and the estimate is the Rayleigh quotient. It is how the extreme
eigenvalues of very large matrices are actually computed, and it needs nothing from A but the
ability to multiply by it.
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