
EE263 Homework 6
Autumn 2022

8.160. Designing an equalizer for backwards-compatible wireless transceivers. You want
to design the equalizer for a new line of wireless handheld transceivers (more commonly called
walkie-talkies). The transmitter for the new line of transceivers has already been designed
(and cannot be changed) – if the input signal is x ∈ Rn, then the transmitted signal is
y = Anewx ∈ Rm, where Anew ∈ Rm×n is known. An equalizer for Anew is a matrix B ∈ Rn×m

such that By = x for every x ∈ Rn.
The new line of transceivers will replace an older model. Given an input signal x ∈ Rn,

the old line of transceivers transmit a signal yold = Aoldx ∈ Rm, where Aold ∈ Rm×n is
known. In addition to providing exact equalization for the new line of transceivers, you want
your equalizer to be able to at least partially equalize signals transmitted using the old line
of transceivers. In other words, to the extent that it is possible, you want the new line of
transceivers to be backwards compatible with the old line of transceivers.

a) Explain how to find an equalizer B that minimizes

J = ‖BAold − I‖2F =
n∑

i=1

n∑
j=1

(BAold − I)2ij

among all B that exactly equalize Anew. Such a B is an exact equalizer for Anew, and an
approximate equalizer for Aold. State any assumptions that are needed for your method
to work.

b) The file backwards_compatible_transceiver_data.json defines the following vari-
ables.

• Anew, the m × n matrix that describes the transmitter used in the new line of
transceivers

• Aold, the m × n matrix that describes the transmitter used in the old line of
transceivers

• x, a vector of length n that serves as an example input signal

Apply your method to this example data. Report the optimal value of J . The pseudoin-
verse A†new is another exact equalizer for Anew. Compare the optimal value of J , and
the value of J achieved by A†new.

c) The example signal x defined in the data file is a binary signal. Form the signal yold =
Aoldx transmitted by the old line of transceivers, and construct an estimate of x by
equalizing yold using B, and then rounding the result to a binary signal. More concretely,
compute the estimate x̂ ∈ Rn, where

x̂i =

{
1 (Byold)i >

1
2 ,

0 otherwise.
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Report the bit error rate of your estimate, which is defined as

1

n

n∑
i=1

I(xi 6= x̂i),

where I(xi 6= x̂i) is an indicator function:

I(xi 6= x̂i) =

{
1 xi 6= x̂i,

0 otherwise.

Similarly, report the bit error rate if A†new is used as the equalizer.

8.1320. Portfolio selection with sector neutrality constraints. We consider the problem of
selecting a portfolio composed of n assets. We let xi ∈ R denote the investment (say, in
dollars) in asset i, with xi < 0 meaning that we hold a short position in asset i. We normalize
our total portfolio as 1Tx = 1, where 1 is the vector with all entries 1. (With normalization,
the xi are sometimes called portfolio weights.)

The portfolio (mean) return is given by r = µTx, where µ ∈ Rn is a vector of asset (mean)
returns. We want to choose x so that r is large, while avoiding risk exposure, which we explain
next.

First we explain the idea of sector exposure. We have a list of k economic sectors (such as
manufacturing, energy, transportation, defense, . . . ). A matrix F ∈ Rk×n, called the factor
loading matrix, relates the portfolio x to the factor exposures, given as Rfact = Fx ∈ Rk. The
number Rfact

i is the portfolio risk exposure to the ith economic sector. If Rfact
i is large (in

magnitude) our portfolio is exposed to risk from changes in that sector; if it is small, we are
less exposed to risk from that sector. If Rfact

i = 0, we say that the portfolio is neutral with
respect to sector i.

Another type of risk exposure is due to fluctations in the returns of the individual assets.
The idiosyncratic risk is given by

Rid =
n∑

i=1

σ2i x
2
i ,

where σi > 0 are the standard deviations of the asset returns. (You can take the formula
above as a definition; you do not need to understand the statistical interpretation.)

We will choose the portfolio weights x so as to maximize r − λRid, which is called the
risk-adjusted return, subject to neutrality with respect to all sectors, i.e., Rfact = 0. Of course
we also have the normalization constraint 1Tx = 1. The parameter λ, which is positive, is
called the risk aversion parameter. The (known) data in this problem are µ ∈ Rn, F ∈ Rk×n,
σ = (σ1, . . . , σn) ∈ Rn, and λ ∈ R.

a) Explain how to find x, using methods from the course. You are welcome (even en-
couraged) to express your solution in terms of block matrices, formed from the given
data.

b) Using the data given in sector_neutral_portfolio_data.json, find the optimal port-
folio. Report the associated values of r (the return), and Rid (the idiosyncratic risk).
Verify that 1Tx = 1 (or very close) and Rfact = 0 (or very small).
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15.2150. Norm expressions for quadratic forms. Let f(x) = xTAx (with A = AT ∈ Rn×n) be a
quadratic form.

a) Show that f is positive semidefinite (i.e., A ≥ 0) if and only if it can be expressed as
f(x) = ‖Fx‖2 for some matrix F ∈ Rk×n. Explain how to find such an F (when A ≥ 0).
What is the size of the smallest such F (i.e., how small can k be)?

b) Show that f can be expressed as a difference of squared norms, in the form f(x) =
‖Fx‖2 − ‖Gx‖2, for some appropriate matrices F and G. How small can the sizes of F
and G be?

15.2180. A Pythagorean inequality for the matrix norm. Suppose that A ∈ Rm×n and B ∈
Rp×n. Show that ∥∥∥∥[ AB

]∥∥∥∥ ≤√‖A‖2 + ‖B‖2.
Under what conditions do we have equality?

3


