
EE263 Homework 5
Autumn 2022

6.1240. Iteratively reweighted least squares for 1-norm approximation. In an ordinary least
squares problem, we are given A ∈ Rm×n (skinny and full rank) and y ∈ Rm, and we choose
x ∈ Rn in order to minimize

‖Ax− y‖22 =
m∑
i=1

(ãTi x− yi)2.

Note that the penalty that we assign to a measurement error does not depend on the sensor
from which the measurement was taken. However, this is not always the right thing to do: if
we believe that one sensor is more accurate than another, we might want to assign a larger
penalty to an error in the measurement from the more accurate sensor. We can account for
differences in the accuracies of our sensors by assigning sensor i a weight wi > 0, and then
minimizing

m∑
i=1

wi(ã
T
i x− yi)2.

By giving larger weights to more accurate sensors, we can account for differences in the pre-
cision of our sensors.

a) Weighted least squares. Explain how to choose x in order to minimize

m∑
i=1

wi(ã
T
i x− yi)2,

where the weights w1, . . . , wm > 0 are given.

b) Iteratively reweighted least squares for `1-norm approximation. Consider a cost function
of the form

m∑
i=1

wi(x)(ãTi x− yi)2. (1)

One heuristic for minimizing a cost function of the form given in (1) is iteratively
reweighted least squares, which works as follows. First, we choose an initial point
x(0) ∈ Rn. Then, we generate a sequence of points x(1), x(2), . . . ∈ Rn by choosing
x(k+1) in order to minimize

m∑
i=1

wi(x
(k))(ãTi x

(k+1) − yi)2.

Each step of this algorithm involves updating our weights, and solving a weighted least
squares problem. Suppose we want to use this method to solve minimize the `1-norm
approximation error, which is defined to be

‖Ax− y‖1 =
m∑
i=1

|ãTi x− yi|,
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where the matrix A ∈ Rm×n and the vector y ∈ Rm are given. How should we choose
the weights wi(x) to make the cost function in (1) equal to the `1-norm approximation
error?

c) Numerical example. The file l1_irwls_data.json contains data (t1, y1), . . . , (tm, ym).
We want to fit an affine model to this data:

yi = x1 + x2ti, i = 1, . . . ,m.

Choose x(0) to be the vector of least-squares parameter estimates: that is, choose x(0)

in order to minimize
m∑
i=1

((x
(0)
1 + x

(0)
2 ti)− yi)2.

Generate x(1), x(2), . . . using iteratively reweighted least squares for `1-norm approxima-
tion. You can stop generating iterates when ‖x(k+1)− x(k)‖ < 10−6. Report your values
of x(0) and the final x(k) in your sequence of points. Draw a scatterplot of the data points
(ti, yi). Add the fitted lines corresponding to x(0) and the final x(k) to your scatterplot.
What do you observe?

Remark. Suppose we fit the least-squares line to some data. Then, a point that is very far
from the least-squares line may be an outlier : that is, a point that does not seem to follow the
same model as the rest of the data. Because such points may not follow the same model as
the rest of data, it may make sense to give such points less weight. This idea is the intuition
behind iteratively reweighted least squares for `1-norm approximation.

7.1040. Fitting a Gaussian function to data. A Gaussian function has the form

f(t) = ae−(t−µ)2/σ2
.

Here t ∈ R is the independent variable, and a ∈ R, µ ∈ R, and σ ∈ R are parameters that
affect its shape. The parameter a is called the amplitude of the Gaussian, µ is called its center,
and σ is called the spread or width. We can always take σ > 0. For convenience we define
p ∈ R3 as the vector of the parameters, i.e., p = [a µ σ]T. We are given a set of data,

t1, . . . , tN , y1, . . . , yN ,

and our goal is to fit a Gaussian function to the data. We will measure the quality of the fit
by the root-mean-square (RMS) fitting error, given by

E =

(
1

N

N∑
i=1

(f(ti)− yi)2
)1/2

.

Note that E is a function of the parameters a, µ, σ, i.e., p. Your job is to choose these
parameters to minimize E. You’ll use the Gauss-Newton method.

a) Work out the details of the Gauss-Newton method for this fitting problem. Explicitly
describe the Gauss-Newton steps, including the matrices and vectors that come up.
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You can use the notation ∆p(k) = [∆a(k) ∆µ(k) ∆σ(k)]T to denote the update to the
parameters, i.e.,

p(k+1) = p(k) + ∆p(k).

(Here k denotes the kth iteration.)

b) Get the data t, y (and N) from the file gauss_fit_data.json, available on the class
website. Implement the Gauss-Newton (as outlined in part (a) above). You’ll need an
initial guess for the parameters. You can visually estimate them (giving a short justi-
fication), or estimate them by any other method (but you must explain your method).
Plot the RMS error E as a function of the iteration number. (You should plot enough
iterations to convince yourself that the algorithm has nearly converged.) Plot the final
Gaussian function obtained along with the data on the same plot. Repeat for another
reasonable, but different initial guess for the parameters. Repeat for another set of pa-
rameters that is not reasonable, i.e., not a good guess for the parameters. (It’s possible,
of course, that the Gauss-Newton algorithm doesn’t converge, or fails at some step; if
this occurs, say so.) Briefly comment on the results you obtain in the three cases.

8.1110. Simultaneous left inverse of two matrices. Consider a system where

y = Gx, ỹ = G̃x

where G ∈ Rm×n, G̃ ∈ Rm×n. Here x is some variable we wish to estimate or find, y gives
the measurements with some set of (linear) sensors, and ỹ gives the measurements with some
alternate set of (linear) sensors. We want to find a reconstruction matrix H ∈ Rn×m such
that HG = HG̃ = I. Such a reconstruction matrix has the nice property that it recovers x
perfectly from either set of measurements (y or ỹ), i.e., x = Hy = Hỹ. Consider the specific
case

G =


2 3
1 0
0 4
1 1
−1 2

 , G̃ =


−3 −1
−1 0
2 −3
−1 −3
1 2

 .
Either find an explicit reconstruction matrix H, or explain why there is no such H.

8.1340. Smooth and least-norm force profiles. Consider the mass/force example described in
the lecture notes (slides 3-6 and 12-7) with n = 10. For this problem, we are interested in
input force sequences which move the mass from an initial position and velocity of zero to
final position 1 and final velocity zero.

a) Find the sequence of forces that will move the mass as required, while minimizing the
norm of the force vector.

b) Define the roughness R of a vector x ∈ Rn as

R =

n∑
i=0

(xi+1 − xi)2,
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where we let x0 = xn+1 = 0. Find the sequence of forces with the smallest roughness R.
Show both force profiles in a single plot.

Remark. Please solve these problems exactly, i.e., do not solve a regularized least-squares
problem with µ set very large or small.
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